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Although it is well accepted that the spin- 1
2
triangular lattice Heisenberg antiferromag-
net(TLHAF) has a long range ordered ground state, a thorough understanding of its spin dynamics
is still missing. While the linear spin wave theory(LSWT) predicts three branches of magnon mode
in the magnetic Brillouin zone(MBZ), the 1/S expansion at the next order is found to break down
in a large portion of the MBZ centered around the M point, leaving the fate of the magnon modes
there undecided. Recent neutron scattering measurement on Ba3CoSb2O9, an ideal realization of
the spin- 1
2
TLHAF, provides a surprising answer to this issue. Two, rather than three branches of
magnon mode are observed around the M point, whose dispersion are strongly renormalized with
respect to the LSWT prediction and exhibit pronounced roton-like minimum at the M point. This is
accompanied by a strong spin fluctuation continuum at higher energy, inside which two strong and
broad spectral peaks of unknown origin are observed. In this work, we propose a simple picture for
these spectral anomalies by invoking the resonating valence bond(RVB) physics in the description
of the ground state of the system. We find that the roton-like minimum in the magnon dispersion
can be explained by the coupling between the collective spin fluctuation and the continuum of Dirac
spinon excitation moving in a pi-flux background. We also propose that the two broad peaks in
the continuum can be understood respectively as the Landau damped third magnon mode and the
Landau damped longitudinal mode. Such a picture can be verified by studying the polarization
character of the various spectral features.
PACS numbers:
I. INTRODUCTION
Fractionalized spin excitation, or more specifically,
spinon, is the key concept invented to describe the dy-
namical properties of quantum spin liquid system1. It is
until very recently that people realize that it may also
play an important role in the spin dynamics of a quan-
tum magnet with a long range ordered ground state.
For example, in recent inelastic neutron scattering(INS)
measurement on the spin- 12 square lattice Heisenberg an-
tiferromagnet(SLHAF) Cu(DCO2)2·4D2O (CFTD)2, a
roton-like minimum in the magnon dispersion is found
around (pi, 0), which is accompanied by a spin rotational
invariant spectral continuum at higher energy. The ob-
servation of such a spin rotational invariant continuum
is very unusual from the perspective of the semiclassical
linear spin wave theory(LSWT), but may be consistent
with a picture involving spinon excitations.
The spin- 12 antiferromagnetic Heisenberg model de-
fined on the triangular lattice(TLHAF) is the first model
system proposed for quantum spin liquid physics3. Al-
though it is now well accepted that the model has a long
ranged ordered ground state, a thorough understand-
ing of its spin dynamics is still missing. Different from
quantum magnet with a collinear magnetic order(such
as the SLHAF), the spin rotational symmetry is fully
broken in the ground state of the TLHAF and a cubic
term is allowed by symmetry in the spin wave Hamil-
tonian. As a result, while LSWT predicts that there
should be three branches of magnon mode in the mag-
netic Brillouin zone(MBZ)4, the 1/S correction to the
magnon self-energy is found to diverge in a large portion
of the magnetic Brillouin zone centered around the M
point5. Much efforts has be devoted to go beyond the
understanding provided by LSWT but the general pic-
ture about the fate of the magnon around the M point is
still elusive7–11. In particular, it is not clear if coherent
magnon mode can survive in this momentum region and
how is their dispersion related to the LSWT predictions.
Recently, inelastic neutron scattering(INS) measure-
ment on a prototype of spin- 12 TLHAF material,
Ba3CoSb2O9, provides a surprising answer to the above
problem12–17. In particular, it is found in [16] in that
there are two, rather than three branches of coherent
magnon mode around the M point, whose dispersion are
significantly softened as compared to the prediction of
the LSWT and exhibit pronounced roton-like minimum
at the M point. Similar to the case of SLHAF, such
roton-like minimum is accompanied by strong spin fluc-
tuation continuum at higher energy. In addition, there
are two broad spectral peaks of unknown origin in this
continuum, which seem to be connected to two dispersive
modes outside the most anomalous region around the M
point.
The observation of these spectral anomalies raises the
following questions. First, what is the origin of the
roton-like minimum and the accompanying spin fluctu-
ation continuum around the M point? Second, what is
the relation between the magnon mode observed in the
experiment and that predicted by the LSWT ? In par-
ticular, where is the third magnon mode predicted by
the LSWT? Third, what is the origin of the two broad
spectral peaks in the spin fluctuation continuum? What
is the meaning of their dispersion? Finally, is there any
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2simple explanation why the observed spectral anomalies
is so strongly momentum dependent and significant only
around the M point?
The purpose of this work is to propose a simple un-
derstanding of these observations by invoking resonat-
ing valence bond(RVB) physics in the description of the
ground state of the system. Besides the semiclassical 120
degree ordering pattern, we assume the existence in the
ground state of the spin- 12 TLHAF a specific RVB struc-
ture. Spinon moving on such an RVB background will
experience a gauge flux of pi around each elementary pla-
quette of the triangular lattice and will thus be endowed
a Dirac-type dispersion. The most important observa-
tion of this work is that the momentum at the M point,
where the spin dynamics of the spin- 12 TLHAF is the
most anomalous, is just the momentum difference of the
two Dirac nodes of the spinon dispersion in such a pi-flux
phase.
As we will show in this paper, the dramatic change in
the spin dynamics of the spin- 12 TLHAF around the M
point can be attributed to the particle-hole excitation of
the spinon system between its two Dirac nodes. In partic-
ular, we find that the roton-like minimum of the magnon
dispersion around the M point observed in Ba3CoSb2O9
can be attributed to the level repulsion effect between the
spinon continuum and the collective spin excitation be-
low it. We also propose that the two broad spectral peaks
in the continuum can be understood as remanant of the
third magnon mode and the longitudinal spin fluctuation
mode swallowed by the spinon continuum around the M
point. We argue that the anomaly in the high energy
spin fluctuation spectrum of a frustrated quantum mag-
net can serve as a useful diagonose of the RVB structure
in its quantum ground state.
Unlike quantum magnet with a collinear ordering pat-
tern, the transverse and longitudinal spin fluctuation are
intrinsically entangled with each other in the spin fluctu-
ation spectrum of the spin- 12 TLHAF. The spin fluctua-
tion in a quantum magnet with a non-collinear ordering
pattern can thus have a complicated polarization charac-
ter that depends on both momentum and energy. Such
polarization information can be crucial for identifying the
nature of various spectral features observed in the exper-
iment. A detailed prediction for the polarization charac-
ter of the various modes of the spin- 12 TLHAF is given in
our work, which can be verified in future polarized INS
measurement. In particular, we predict that the highest
dispersive mode in the spectrum is a longitudinal spin
fluctuation mode.
The paper is organized as follows. In the next section,
we introduce a Fermionic spinon theory for the ground
state and the spin dynamics of the spin- 12 TLHAF. In the
third section, we present the spin fluctuation spectrum
calculated from the spinon theory and compare it with
the INS results on Ba3CoSb2O9. In the last section, we
discuss the implications of our results and propose pos-
sible experimental verification of the theory.
II. A FERMIONIC RVB THEORY OF THE
SPIN- 1
2
TLHAF
The spin- 12 TLHAF reads
H = J
∑
<i,j>
Si · Sj , (1)
in which the sum is over nearest neighboring sites of the
triangular lattice. In the LSWT, the spin excitation is
described by a spin-1 Bosonic operator, the quanta of
deviation of the local spins from their expectation value
in the semiclassical ground state. Anticipating the inad-
equacy of such a semiclassical description, in this study
we represent the spin in terms of Fermionic spinon oper-
ator as Si =
1
2
∑
α,β f
†
i,ασα,βfi,β . Here α, β = ±1 is the
spin index of the spinon operator, σ is the usual Pauli
matrix. The Fermionic spinon operator should satisfy
the constraint of
∑
α f
†
i,αfi,α = 1 to be a faithful repre-
sentation of the spin algebra. In the spinon formulation,
the Heisenberg Hamiltonian reads
H =
J
4
∑
<i,j>,α,β
[ 2f†i,αfi,βf
†
j,βfj,α − ni,αnj,β ], (2)
in which ni,α = f
†
i,αfi,α.
In the spinon representation, we can define two types
of mean field order parameter for the ground state of the
system. The first type is just the conventional ordered
moment mi =
1
2
∑
α,β〈f†i,ασα,βfi,β〉 defined on a single
site. The second type is the RVB correlation between a
pair of sites. The RVB order parameter can take either
the form of a hopping amplitude χi,j =
∑
α〈f†i,αfj,α〉, or
that of a pairing amplitude ∆i,j =
∑
α〈αf†i,αf†j,−α〉. The
structure of such RVB order parameters should be classi-
fied by the so called projective symmetry group technique
since it involves gauge degree of freedom. In particular,
an RVB mean field ansatz that is gauge equivalent to an
ansatz with only hopping-type RVB parameter is called
a U(1) RVB ansatz18.
According to previous studies, the most favorite RVB
structure for the ground state of the spin- 12 TLHAF is
described by a U(1) mean field ansatz with a gauge flux of
pi enclosed in every elementary plaquette of the triangular
lattice19. The mean field ansatz reads
HRVB = −
∑
<i,j>,α
ηi,jf
†
i,αfj,α. (3)
Here we have set the magnitude of the spinon hopping
integral as the unit of energy. ηi,j = ±1 is the sign of
the hopping integral between site i and j, chosen in such
a way that each elementary plaquette of the triangular
lattice encloses a gauge flux of pi. In the presence of the
pi-flux, the unit cell of the spinon Hamiltonian is dou-
bled. For the particular choice of ηi,j shown in Fig.1a,
the spinon dispersion is given by
k = ±2
√
cos2(k1) + cos2(k2) + sin
2(k1 − k2). (4)
3Here k = k1b1 + k2b2, with (k1, k2) ∈ [0, pi]⊗ [0, 2pi]. b1
and b2 are the two reciprocal vectors of the triangular
lattice. The dispersion is particle-hole symmetric and
there are two Dirac nodes in the reduced Brillouin zone
at k1 = (
pi
2 ,
pi
2 ) and k2 = (
pi
2 ,
3pi
2 ). The key observation
of this study is that the M point in the Brillouin zone,
where the spin dynamics of the spin- 12 TLHAF is the
most anomalous, is just the difference between k1 and
k2.
To describe the collective spin fluctuation in the sys-
tem, we introduce phenomenologically a Hubbard-type
local correlation of the form HU = U
∑
i ni,↑ni,↓ between
the spinons. Such a local correlation takes into account
partially the effect of the no double occupancy constraint
on the spinon. This trick has been used successfully in the
study of the SLHAF before20. Here we use it to induce
an ordered magnetic moment with the 120 degree order-
ing pattern. The mean field Hamiltonian of the spinon
system in the presence of the static magnetic order reads
HMF = −
∑
<i,j>,α
ηi,jf
†
i,αfj,α −
2U
3
∑
i,α,β
mi · f†i,ασα,βfi,β .
(5)
The magnitude of the ordered moment can be deter-
mined from the self-consistent equation m = |mi| =
1
2
∑
α,β〈 f†i,ασα,βfi,β 〉MF, whose solution is shown in
Fig.1b. For U > Uc ≈ 9.27, a finite m appears in the
mean field ground state. We note that the unit cell of
HMF is six times larger than the unit cell of the triangu-
lar lattice as a result of both the pi-flux structure and the
120 degree order(see Fig.1a).
The spin fluctuation spectrum of the system can be
extracted from its dynamical spin susceptibility. Here
we will adopt a global coordinate system for the spin, in
which the dynamical spin susceptibility takes the form of
a 18× 18 matrix
χi,jµ,ν(q, τ) = −〈 TτSiµ(q, τ) Sjν(−q, 0)〉. (6)
Here µ, ν = 1, .., 6 denotes the index of the six sublattice
A, B,..., F in the spinon unit cell. i, j = x, y, z denotes
the spin component index.
Siµ(q) =
1
2
∑
k,α,β
f†k+q,µ,ασ
i
α,βfk,µ,β , (7)
is the spin density operator in the i-th direction and µ-th
sublattice. At the mean field level, the dynamical spin
susceptibility is given by
χ(0)i,jµ,ν (q, τ) =
1
4
∑
k
σiα,βσ
j
γ,δG
δ,α
µν (k+ q,−τ)Gβ,γµ,ν(k, τ),
(8)
in which G is the spinon Green’s function calculated at
the mean field level. The dynamical spin susceptibility
of the interacting system can be obtained by RPA cor-
rection on the bare susceptibility χ(0), which is given by
χ(q, iωn) =
χ(0)(q, iωn)
I− 4U3 χ(0)(q, iωn)
. (9)
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FIG. 1: Illustration of the spinon model studied in this work.
(a)The unit cell of the spinon Hamiltonian is given by the
region enclosed by the blue parallelogram, which contains 6
sites of the triangular lattice. The sign of the spinon hopping
integral ηi,j is negative on the red dashed bonds and is other-
wise positive, so that a pi-flux is enclosed in each elementary
plaquette of the triangular lattice. The direction of the or-
dered moment on the 6 sites in the spinon unit cell is shown
on the right. The magnetic unit cell is the half of the spinon
unit cell. (b) The lattice Brillouin zone and the high sym-
metry points in the momentum space that will be referred to
below. We will focus on the spin dynamics of the system on
the red path(Γ − K − K′) and the blue path(Γ − M′ − Γ′)
in this study. b1 and b2 are the two reciprocal vectors of
the triangular lattice and statisfy ai · bj = δi,j . (c) The self-
consistent solution of the mean field equation for the ordered
moment m as a function of U in the presence of the pi-flux.
We note that this equation should be understood as a
matrix equation and the RPA kernel 4U3 should be un-
derstood as 4U3 I, in which I denotes a 18 × 18 identity
matrix.
From the Lehmann representation, we can express the
dynamical spin susceptibility in terms of the spectral ma-
trix as follows
χi,jµ,ν(q, iωn) =
1
2pi
∫
dω
Ri,jµ,ν(q, ω)
iωn − ω , (10)
in which the spectral matrix is given by
Ri,jµ,ν(q, ω) =
1
Z
∑
n,m
e−β(En−Em)〈n|Siµ(q)|m〉 ×
〈m|Sjν(−q)|n〉 × 2piδ(~ω − (En − Em)). (11)
Here Z =
∑
n e
−βEn is the partition function of the sys-
tem. The spectral matrix R can be extracted from the
retarded spin susceptibility matrix by taking its anti-
Hermitian part, or
Ri,jµ,ν(q, ω) =
1
2i
[
χi,jµ,ν(q, ω + i0
+)− χj,iν,µ(q, ω − i0+)
]
.
(12)
4It can be shown that the spectral matrix Ri,jµ,ν(q, ω) is
positive definite and Hermitian in its index (i, µ) and
(j, ν). We can thus interpret its eigenvalues and eigen-
vectors as the spectral weight and polarization vectors
of the spin fluctuation at momentum q and frequency
ω. The intensity measured by the INS experiment(in the
unpolarized scattering mode) is related to the spectral
matrix as
I(q, ω) =
∑
µ,ν,i
eiq·(δµ−δν)Ri,iµ,ν(q, ω). (13)
Here δµ denotes the position of the µ-th site in the unit
cell. Note that we have neglected in this formula the
transverse factor that depends on the actual scattering
vector Q = q+G adopted in the INS experiment.
We note that an on-site Hubbard interaction is just
a first approximation to the spinon interaction. In the
previous discussion, we have decoupled the Heisenberg
interaction in the RVB channel only. To represent its
residual effect in the spin density channel, we reintroduce
a Heisenberg interaction of the form J1Si · Sj between
spinons on nearest neighboring sites. We then decouple
the Heisenberg interaction in the spin density channel.
As a result, the mean field that spinon experience in the
spin density channel becomes ( 4U3 + 3J1)|m|. The RPA
kernel now becomes V(q) = 4U3 I − J(q). Here J(q) is
the Fourier transform of Heisenberg interaction and is a
18×18 matrix. We note that since we have set the spinon
hopping integral as the unit of energy of the system, both
U and J1 should be understood as phenomenological pa-
rameters in the spinon description.
III. RESULTS AND DISCUSSIONS
In this section, we will present the spin fluctuation
spectrum of the spin- 12 TLHAF calculated from the
spinon theory detailed in the last section. To have a
better understanding on how the spin dynamics of the
system is influenced by the spinon excitation, we will first
present a detailed discussion on the structure of the bare
spin susceptibility of the spinon system in subsection A.
This is followed by the results of the RPA-corrected spin
fluctuation spectrum in subsection B. The comparison
with the INS results on Ba3CoSb2O9 is done in subsec-
tion C.
A. Structure of the bare spin susceptibility
In this study, we will focus on the spin dynamics at
zero temperature. The spectral matrix of the bare spin
susceptibility of the spinon system is given by
R(0),i,jµ,ν (q, ω) =
pi
4
∑
k,m,n
M i,j,m,nµ,ν,k,k′ δ(~ω− nk′ + mk ), (14)
in which k′ = k− q and mk < 0, nk′ > 0. The matrix
element is given by
M i,j,m,nµ,ν,k,k′ =
∑
α,β,γ,δ
(um∗µ,α,kσ
i
α,βu
n
µ,β,k′)× (un∗ν,γ,k′σjγ,δumν,δ,k).
Here umµ,α,k is the eigenvector of the spinon mean field
Hamiltonian at momentum k and with eigenvalue mk .
The spectral intensity I(q, ω) of the bare spin suscep-
tibility is plotted in Fig.2 along Γ−K−K′ for both U=0
and U=9.4. The spectrum is composed of the particle-
hole continuum of the spinon excitation. When U=0, the
spinon continuum reaches zero energy with a Dirac-type
dispersion in its lower boundary at both the M point and
the Γ point. As we mentioned before, M point is the mo-
mentum transfer of spinon transition between the two
Dirac nodes. On the other hand, the Dirac cone struc-
ture around the Γ point corresponds to the transition
within a Dirac node. It can be seen that the Dirac cone
structure around the Γ point is suppressed in intensity
as compared to that around the M point. In particu-
lar, the spectral intensity right at the Γ point is exactly
zero. Such suppression in spectral intensity can be un-
derstood either as a result of the matrix element effect
of the spinon excitation within the same Dirac node, or,
as a result of the spin rotational symmetry of the spinon
Hamiltonian at U=0.
When we turn on a finite ordered moment at U=9.4,
the following changes appear in the bare spin suscepti-
bility. First, the spinon continuum around the M point
and the Γ point become both gapped. Second, there
emerges additional Dirac cone structure in the spinon
continuum at the m2 and K point(and symmetry-related
momentum in the Brillouin zone). Third, the range of
the continuum in energy is enlarged and an almost non-
dispersive structure emerges at the upper boundary of
the spinon continuum. Fourth, the spinon continuum
around the Γ point is enhanced in intensity. In partic-
ular, the spectral intensity right at the Γ point is now
nonzero.
To understand these changes in the bare spin suscepti-
bility, we plot in Fig.2c and Fig.2d the spinon density of
state for U=0 and U=9.4. When m is nonzero, as is the
case for U=9.4, a spinon gap opens at the Dirac point.
The band width of the spinon spectrum is also found to
be enhanced with the opening of the spinon gap. More
specifically, the Van Hove singularity in the spinon den-
sity of state is found to split into two peaks when m
is nonzero, with the peak at higher energy forming an
almost non-dispersive structure. This peak is found to
be responsible for the non-dispersive feature in the bare
spin susceptibility. At the same time, since the spinon
momentum is conserved only up to the reciprocal vec-
tors of the magnetic Brillouin zone when m is nonzero,
the Dirac cone structure around the M point will be scat-
tered to the m1 and m2 point. Similarly, the Dirac cone
structure around the Γ point will be scattered to the K
andK′ point. Finally, since the spin rotational symmetry
is fully broken when m is nonzero, the spinon transition
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FIG. 2: Illustration of the bare spectral intensity at U =
0(a) and U = 9.4(b). The intensity is plotted in logarithmic
scale to highlight the spectral weight around the Dirac cone
structures. Plotted on the right are the corresponding spinon
density of state(DOS).
within a Dirac node is now allowed. This explains why
the Dirac cone structure around the Γ point is enhanced.
B. The RPA-corrected spin fluctuation spectrum
Magnon modes appear below the spinon continuum af-
ter we turn on the RPA correction. We first consider the
RPA correction caused by the Hubbard interaction. The
evolution of the RPA-corrected spin fluctuation spectrum
with U is illustrated in Fig.3 along both Γ−K−K′ and
Γ−M′ − Γ′. These spectrums correspond to four values
of U above Uc, namely, U=12, U=10, U=9.4 and U=9.3.
For U=12, which is significantly higher than Uc, the
magnon mode lies far below the spinon continuum and
exhibits a dispersion that is in close agreement with the
prediction of the LSWT. More specifically, there are three
branches of magnon in the magnetic Brillouin zone and
their energies go correctly to zero at the Γ and K point,
as is guaranteed by the self-consistency of the mean field
solution. Similar to the prediction of the LSWT, the
upper two magnon branches are almost degenerate with
each other. A closer inspection indicates that the upper
two magnon branches actually cross at the M point.
With the decrease of U and the lowering of the spinon
continuum in energy, new features emerge in the spin
fluctuation spectrum. This is best illustrated in Fig3c
for the case of U=10. First, magnon dispersion starts to
deviate from the LSWT prediction, especially around the
M point. More specifically, a roton-like minimum starts
to develop in the dispersion of the lowest magnon branch
at the M point. The dispersion of the upper two magnon
modes are also strongly renormalized downward at the M
point, resulting in a much more evident splitting between
them. However, the degeneracy between the upper two
magnon modes at the M point remains intact. Second, a
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FIG. 3: The evolution of the RPA-corrected spin fluctuation
spectrum with U along Γ − K − K′(left column) and Γ −
M′ − Γ′(right column). (a) and (b)U=15. (c) and (d)U=10.
(e) and (f)U=9.4. (g) and (h)For U=9.3, which is very close
to Uc. (i) and (j)The magnon dispersion predicted by the
LSWT. Here the spectral intensity is plotted in logarithmic
scale for clarity. The color scale shown in (b) is used in all
plots of this figure and the following figures of this paper.
fourth collective mode emerges around the K point near
the bottom of the Dirac cone.
When we decrease U further toward Uc, the downward
renormalization of the magnon dispersion become even
more significant. The intensity of the fourth collective
mode around the K point is also significantly enhanced.
As is shown in Fig3e for the case of U=9.4, the upper
two magnon branches almost touch the bottom of the
spinon continuum at the M point and start to transfer
spectral weight into the continuum. Indeed, a broad peak
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FIG. 4: The spin fluctuation spectrum at the M point for
U=9.4(left) and U=9.3(right). The transfer of spectral weight
from the magnon mode to the continuum is evident.
start to develop close to the bottom of the spinon con-
tinuum(see Fig.4a). The broad peak is separated from
the magnon mode below the continuum by a dip in the
spectral function. When U is very close to Uc, for exam-
ple, in the case of U=9.3, the renormalization becomes
so strong that magnon dispersion far away from the M
point is also strongly modified. The dip between magnon
peak and the broad peak in the continuum is now also
filled up(see Fig.4b).
The three branches of magnon mode in the MBZ can
actually be understood as those folded from a single
magnon branch in the lattice Brillouin zone by three
different magnetic reciprocal vectors. For example, the
three magnon branches along K−K′ can be understood
as those folded from K3 − K2, Γ − K and K4 − Γ re-
spectively. In the 120 degree ordered phase of the spin- 12
TLHAF, the system Hamiltonian is invariant under the
combined operation of lattice translation and spin rota-
tion by 120 degree in the ordering plane. The Hamil-
tonian thus takes a translational invariant form if a lo-
cal coordinate system with its x-axis aligned to the or-
dered moment and its z-axis perpendicular to the order-
ing plane is adopted. Such a generalized translational
symmetry prohibits the magnon mode folded from the
m1 and the m2 point to hybridize at the M point of the
MBZ. We note that as a result of the pi-flux structure in
the mean field Hamiltonian, the spinon system is invari-
ant under such a generalized translation operation only
up to a gauge transformation. However, since the spin
operator is a gauge invariant object, the spin dynamics
calculated from the spinon theory is still invariant under
such a generalized translational symmetry.
The evolution of the RPA-corrected spin fluctuation
spectrum with U , especially, the strong deviation of the
magnon dispersion around the M point for U close to Uc,
can be understood from the level repulsion effect between
the spinon continuum and the collective spin excitation
below it. As we discussed above, the most important fea-
ture of the spinon continuum in the pi-flux phase is the
Dirac cone structure around the M point, which results
from the particle-hole excitation of the spinon system
between its two Dirac nodes. Such a strongly momen-
tum dependent level repulsion effect enhances with the
decrease of U and is responsible for the formation of the
roton-like minimum in the magnon dispersion around the
M point. In this picture, we always expect the crossing of
the upper two magnon branches at the M point, which
is protected by the generalized translational symmetry
mentioned above. In fact, this crossing should be ex-
pected in any correct theory of the spin dynamics of the
spin- 12 TLHAF. As a result, these two modes should ei-
ther both show up around the M point, or dissolve into
the continuum together. In other words, we should never
expect just two branches of magnon mode to show up
around the M point. This general conclusion from the
symmetry analysis seems to be in conflict with the INS
result on Ba3CoSb2O9.
The fourth collective mode around the K point can be
attributed to longitudinal spin fluctuation in the 120 de-
gree ordered phase, as can be verified by its polarization
character below. In particular, it reduces to the fluctu-
ation in the amplitude of the magnetic order parameter
at the K point. The spectral weight of this mode is
drawn from the spinon continuum around the K point,
which, according to discussion in the last subsection, is
caused by the particle-hole transition of the spinon sys-
tem within the same Dirac node. This understanding is
consistent with the fact that the fourth mode moves up
with the increase of U and finally dissolves into the Dirac
continuum, since the amplitude fluctuation of the ordered
moment becomes increasingly expensive in energy with
the increase of the interaction strength.
Beside the four collective modes discussed above, one
also observe some spectral feature inside the spinon con-
tinuum at intermediate energies. These spectral features
are caused by Van Hove singularities in the joint density
of the state(JDOS) of the spinon excitation. However,
we note that the prediction on these high energy spectral
features from the RPA theory are much less reliable than
those on the collective modes, since the sharp features of
JDOS inside the spinon continuum are not robust against
the spinon self-energy correction, which are neglected in
the RPA treatment here.
To summarize, the RPA theory predicts that there are
three branches of magnon mode and one longitudinal
mode in the MBZ. There are also strong spin fluctuation
continuum around the M point at higher energy. The
level repulsion effect between the spinon continuum and
the magnon mode can generate strongly momentum de-
pendent renormalization of the magnon dispersion and
is responsible for the roton-like minimum around the
M point. However, the momentum range in which the
magnon dispersion is strongly modified seems to be too
broad to account for the INS result.
To improve the agreement with the INS result, we now
study the RPA-corrected spin fluctuation spectrum with
both the Hubbard and the Heisenberg interaction. As
we discussed before, the Hubbard interaction can be un-
derstood as a first approximation to spinon correlation.
The spinon can also interact in the spin density channel
through the Heisenberg term. However, since the Heisen-
berg term has already been decoupled in the RVB chan-
nel in the spinon description, we must understand the
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FIG. 5: The spin fluctuation spectrum along Γ−K−K′(left)
and Γ−M′−Γ′(right) calculated with both the Hubbard and
the Heisenberg interaction in the RPA correction. Plotted
here is the spectrum for J1=0, 0.5 and 1. The spectral inten-
sity is plotted in logarithmic scale for clarity. The same color
scale as that shown in Fig.3b is used in all plots of this figure.
Heisenberg interaction between the spinon in the spin
density channel as a residual interaction and treat its
strength J1 as a phenomenological parameter.
In the 120 degree ordered phase, the Heisenberg term
will contribute a mean field of strength 3J1|m| in the spin
density channel. The RPA kernel is also modified to be
V(q) = 4U3 I − J(q), with J(q) the Fourier transform of
the Heisenberg interaction. J(q) is a 18×18 matrix with
the following matrix elements
J i,jµ,ν(q) = J1δi,jMµ,ν , (15)
in whichMµ,ν denotes the matrix element of the following
6× 6 matrix
M =

0 γ1 γ2 0 γ3 γ4
γ∗1 0 γ1 1 0 γ3
γ∗2 γ
∗
1 0 γ
∗
1 1 0
0 1 γ1 0 γ1 γ2
γ∗3 0 1 γ
∗
1 0 γ1
γ∗4 γ
∗
3 0 γ
∗
2 γ
∗
1 0
 . (16)
Here γ1 = 1+e
iq2 , γ2 = e
iq2 , γ3 = e
iq1 , γ4 = e
iq1(1+eiq2).
To make possible a meaningful comparison between the
results calculated with different parameters, we keep the
value of ( 4U3 + 3J1), and thus the strength of the mean
field in the spin density channel fixed in the following cal-
culation. More specifically, we choose ( 4U3 + 3J1) =
4U∗
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FIG. 6: The spin fluctuation spectrum along Γ−K−K′(left)
and Γ−M′−Γ′(right) calculated with both the Hubbard and
an anisotropic Heisenberg interaction. Here Jxx1 = J
yy
1 =1,
Jzz1 =0.95. U
∗=9.4. The spectral intensity is plotted in loga-
rithmic scale for clarity. The same color scale as that shown
in Fig.3b is used in all plots of this figure.
with U∗ = 9.4 and tune the value of J1. In Fig.5 we plot
the RPA-corrected spin fluctuation spectrum with differ-
ent values of J1. The spectrum with both the Hubbard
and the Heisenberg interaction are similar to those with
only the Hubbard interaction. However, the momentum
range in which the magnon dispersion is strongly modi-
fied is now much more restricted to the M point.
In Ba3CoSb2O9, the Heisenberg interaction is slightly
anisotropic and the exchange coupling out of the order-
ing plane is about 5 percent smaller than that within
the ordering plane. However, we note that such an easy
plane anisotropy does not break the general translational
symmetry we discussed above. So we expect that the spin
fluctuation spectrum should not be changed qualitatively
by such an exchange anisotropy. To check on this point,
we have calculated the RPA-corrected spin fluctuation
spectrum with Jxx1 = J
yy
1 =1 and J
zz
1 =0.95. Here J
xx
1 ,
Jyy1 and J
zz
1 denote the exchange coupling between spin
component in the x, y and z direction. The result is
plotted in Fig.6. One find that the main effect of the
easy plane anisotropy is to open a gap at Γ and K point
in the dispersion of the magnon with dominate z polar-
ization. Such a result can be understood trivially in the
framework of the LSWT.
C. Comparison with the INS results on
Ba3CoSb2O9
In the INS measurement on Ba3CoSb2O9, two coherent
magnon modes are observed around the M point, whose
dispersion are strongly renormalized to exhibit roton-like
minimum around the M point. These two modes are ac-
companied by two strong and broad spectral peaks in
the continuum at higher energy. Far away from the M
point, four dispersive modes are observed, among which
the two at lower energy are connected to the two coher-
ent magnon modes at the M point. The other two modes
at higher energy seem to be connected to the two broad
spectral peaks in the continuum. However, according to
the symmetry analysis presented in the last subsection,
it is impossible to have just two branches of coherent
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FIG. 7: The dispersion of the collective modes along Γ−K−
K′(a) and Γ−M− Γ′(b) extracted from the spin fluctuation
spectrum shown in Fig.6. The dotted green lines in (a) marks
the lower boundary of the spinon continuum. (c) and (d)
is the magnon dispersion predicted by the LSWT. Here we
assume Jxx = Jyy=1, Jzz=0.95.
magnon modes around the M point, since the crossing
of the upper two magnon branch at the M point is pro-
tected by the generalized translational symmetry of the
120 degree ordered phase.
In Fig.7, we plot the dispersion of the collective modes
extracted from the spin fluctuation spectrum shown in
Fig.6. Along Γ−K−K′(Fig.7a), we find there are indeed
four collective modes in the RPA-corrected spectrum. In
the vicinity of the Γ and K point, the dispersion of the
three modes at lower energy (shown in black, red and
blue lines)show good agreement with the prediction of
LSWT. However, only two of them survive around the
M point, whose dispersion are strongly renormalized to
exhibit roton-like minimum at the M point. The third
mode first rise to touch the lower boundary of the spinon
continuum(shown as dotted green line) and then van-
ish. Closer inspection in the mode dispersion in Fig.7a
and Fig.7c indicates that there is a switching between
the mode shown in the black line and that in the blue
line along Γ − K. This switching implies a crossing of
the two modes at the M point. As we discussed earlier,
this crossing is protected by the generalized translational
symmetry in the 120 degree ordered phase of the spin- 12
TLHAF. At higher energy, there is an additional collec-
tive mode around the Γ and the K point(shown in the
pink line). This mode is strongly suppressed in intensity
around the Γ point as a result of intra-unit cell cancel-
lation. The same four modes also appear in the disper-
sion along Γ −M′ − Γ′(Fig.7b). Here we note that the
dispersion shown in black line actually corresponds to
two degenerate modes. Such a mode degeneracy along
Γ−M′−Γ′ is also predicted in the LSWT. We have not
plot the pink mode in Fig.7b, since its intensity is very
weak.
It is clear from this analysis that the three modes
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FIG. 8: Polarization of the four collective modes along K −
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FIG. 9: Polarization of the two collective modes along Γ −
M′ − Γ′ shown in (a)black, (b)red curve in Fig.7b.
at lower energy should be attributed to transverse spin
fluctuation and that the fourth mode at the highest en-
ergy should be attributed to longitudinal spin fluctua-
tion. This conclusion can be verified by studying the po-
larization character of the four collective modes. Such an
analysis is greatly simplified by the generalized transla-
tional symmetry of the system in the 120 degree ordered
phase. More specifically, spin fluctuation in different sub-
lattices are related with each other by a 120 degree ro-
tation in the ordering plane. We can thus focus on the
polarization of spin fluctuation in a single sublattice, for
example, the A sublattice. Here we note that while site
A and site D belong to different sublattices in terms of
spinon Hamiltonian, they belong to the same magnetic
sublattice. The spectral matrix in terms of the magnetic
sublattice index can be obtained from Ri,jµ,ν(q, ω) as
Si,jµ˜,ν˜(q, ω) =
∑
γ,γ′
ei(γ−γ
′)q·(a1+a2)Ri,j3γ+µ˜,3γ′+ν˜(q, ω).(17)
Here µ˜, ν˜ = 1, 2, 3 is the index of the three sublattices
A, B and C in the magnetic unit cell, γ, γ′ = 0, 1. The
polarization character of the spin fluctuation mode can
9be read out from the spectral matrix by defining
W x = Sx,x1,1 (q, ωq)
W y = Sy,y1,1 (q, ωq)
W z = Sz,z1,1 (q, ωq). (18)
Here ωq denotes the mode energy at momentum q. More
specifically, W x encodes the intensity of the longitudinal
spin fluctuation in the given mode, W y and W z encode
the intensity of the transverse spin fluctuation.
The result of W x, W y and W z along K − K′ and
Γ − M′ − Γ′ are presented in Fig.8 and Fig.9 respec-
tively. From the plot one find that the mode at the high-
est energy is indeed dominated by longitudinal spin fluc-
tuation. This is particularly true around the K and K′
point. On the other hand, the three other modes at lower
energies are all dominated by transverse spin fluctuation.
Among the three transverse modes, the mode shown in
the black line has dominate y-polarization around the
K point, while the mode shown in the red and the blue
lines are dominated by spin fluctuation in the z-direction
around the K point. Around the M point, only the two
lowest transverse modes survive. The spin fluctuation of
these two modes have dominate z and y character.
To summarize, the spinon theory developed in this
work predicts four collective modes in the MBZ. Among
the four modes, there are three transverse modes and one
longitudinal mode. The dispersion of the three transverse
modes are strongly renormalized around the M point as a
result of their coupling to the spinon continuum. In par-
ticular, the transverse mode at the highest energy has
been swallowed by the spinon continuum around the M
point. The two modes at lower energy are strongly soft-
ened to exhibit roton-like minimum in their dispersion.
When q is far away from the M point, the three trans-
verse mode recover their standard LSWT-type disper-
sion. The longitudinal mode is found to be the strongest
around the K point.
Although the dispersion of the four modes predicted by
the spinon theory are in close agreement with the experi-
mental observation, the predicted distribution of spectral
weight in the continuum differs significantly from that
observed in the experiment. More specifically, although
the third and the fourth collective mode in the RPA-
corrected spectrum seem to penetrate into the continuum
around the M point, there is no well defined spectral peak
at the corresponding energy in the continuum at the M
point. Such a failure of the theory reflects the well known
limitation of the RPA approximation, according to which
well-defined spectral peak can only exist outside the con-
tinuum.
IV. CONCLUSIONS AND OUTLOOKS
In this work, we have presented a theory of the anoma-
lous spin dynamics of the spin- 12 TLHAF by assuming
the existence of a pi-flux RVB structure in its 120 degree
ordered ground state. We find that with such an RVB
structure and the corresponding Dirac-cone-like spinon
continuum around the M point, we can explain natu-
rally the strongly momentum dependent renormalization
of the magnon dispersion observed in the INS measure-
ment on Ba3CoSb2O9. In particular, it explains natu-
rally the origin of the roton-like minimum in the magnon
dispersion around the M point. It also explains why only
two magnon modes are observed in the vicinity of the M
point, while the LSWT predicts three. In our theory, the
magnon mode at the highest energy has been swallowed
by the spinon continuum around the M point. The the-
ory also explains naturally why the spectral continuum
is the strongest around the M point. From our theory, all
these spectral anomalies are interrelated and all can be
attributed to the spinon transition between the two Dirac
nodes. As an additional advantage of the spinon picture,
our theory predicts the existence of a strong longitudinal
spin fluctuation mode around the K point, which seems
to be indeed observed in the INS measurement.
In a quantum magnet with non-collinear ordering pat-
tern, the polarization of the magnon mode is in general
momentum dependent. This is very different from the
situation in a collinear quantum magnet, in which the
magnon mode is always circular polarized as a result of
the conservation of the spin quantum number in the lon-
gitudinal direction. The spinon theory developed in this
work can not only provide the information on the disper-
sion of the magnon modes, but can also provide informa-
tion on their polarization character. Such information is
crucial when one want to establish the correspondence
between the observed spectral peaks and the theoreti-
cally predicted modes. The prediction of the longitudinal
mode around the K point in our theory is just such an
example. It is interesting to see if such a prediction can
be proved by future polarized INS study.
Despite its success in the description of the collective
spin fluctuation of the system, the spinon theory pre-
sented in this work fails to describe the distribution of
spectral weight in the spectral continuum. In particu-
lar, it fails to describe the two broad spectral peaks in
the continuum at the M point. From the spinon theory,
such broad spectral peaks in the continuum should be un-
derstood as remnant of collective spin fluctuation swal-
lowed by the spinon continuum. However, the spectral
weight predicted by the RPA theory is distributed in too
broad an energy range to form well-defined spectral peak.
We think this failure of the spinon theory should be at-
tributed to the limitation of the RPA treatment adopted
in this work, which is known to be inappropriate for the
description of local moment behavior inside the spectral
continuum. A more advanced theory is clearly needed for
a thorough understanding of the spin fluctuation behav-
ior of the spin- 12 TLHAF. An RVB theory similar to that
presented in this work, but working in the Gutzwiller pro-
jected subspace of no double occupancy, may offer such
a possibility11,21.
The result presented in this work provided an exam-
10
ple of how dramatic the presence of fractionalized spin
excitation can reform the spin dynamics of a frustrated
quantum magnet, even if the system host a well-defined
magnetic order and that the long wavelength spin fluc-
tuation is still well described by the LSWT. In the case
of the spin- 12 TLHAF studied in work, it is the pi-flux
RVB structure and the corresponding Dirac spectrum of
the spinon excitation that is responsible for the spectral
anomalies around the M point. The spin dynamics will
be totally different if a different RVB structure, for exam-
ple, an RVB structure with zero gauge flux is assumed.
The anomalies in the high energy spin dynamics can thus
be used as a diagnose of the nonclassical RVB correlation
in the ground state of a quantum magnet. With this un-
derstanfding in mind, we expect the effort devoted in this
work may shed light on mysteries of many other quantum
magnets.
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